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Some Experimental Results on Sphere and Disk Drag
FREDERICK W. Roos*

McDonnell Douglas Corporation, St. Louis, Mo.
AND

WILLIAM W. WILLMARTH!
The University of Michigan, Ann Arbor, Midi.

The drag on spheres and disks moving rectilinearly through an incompressible fluid has
been measured for Reynolds numbers (Re) from 5 to 100,000. Test models were mounted on a
carriage which rode along a linear air bearing track system. Tests were performed by towing -
the models through a channel filled with glycerine-water mixtures. Forces and moments on
the models were sensed by strain gage transducers; hydrogen bubble flow visualization was
utilized in relating these forces to the unsteady wake flows. Steady drag results agreed with
existing data except for the disk at 100 < Re < 1000, in which the drag coefficient values were up
to 50% below the level of existing data; drag force unsteadiness during steady motion was
always <5% for the sphere and <3% for the disk. Sphere drag measurements under constant
acceleration from rest showed the apparent mass concept to be valid (at high Re) until the
sphere had traveled approximately one diameter, after which the quasi-steady drag (based on
instantaneous velocity) showed good agreement with the actual drag. Interference effects of
the sting supports used in these tests are discussed.

Nomenclature
a = acceleration in direction of motion
CD = S/(±TrpU2d2), the drag coefficient
d = diameter of sphere or disk
D = drag force
L = lift force
Re = Ud/v, the Reynolds number
S = side force
t = time
U = translational speed of sphere or disk
a. = angle of attack
v = kinematic viscosity of fluid
p = fluid density

Introduction

INTEREST in the behavior of a sphere or disk moving
through a fluid goes back many years. The first recorded

measurements related to sphere drag were published by Sir
Issac Newton; a multitude of studies of sphere and disk aero-
dynamics has followed. Many of these were noted by Toro-
bin and Gauvin1 in their comprehensive review of sphere
aerodynamics.

Recently, several aerospace-oriented engineering problems
have arisen which have prompted renewed interest in sphere
and disk aerodynamics. One such example is the problem of
accelerated two-phase flow through rocket nozzles, reviewed
a short time ago by Hoglund.2 Another example is the un-
certainty introduced by aerodynamically induced oscillations
of balloons used to measure the vertical profile of atmospheric
winds.3 In addition to such specific problems, the lack of
understanding of bluff-body flows in general has been re-
sponsible for continued study of sphere and disk flows.

In spite of the many investigations into sphere and disk
aerodynamics, even the basic steady-flow relationships be-
tween drag coefficient and Reynolds number (Co and Re,
respectively) for these two bodies are somewhat indefinite,
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i.e., the scatter in existing data amounts to at least 10% over
much of the Re range.4 The situation is considerably more
uncertain in the case of accelerated motion. A further dif-
ficulty with existing experimental data for Re less than about
1000 is that all of them were obtained in free-fall (or free-
rise) tests; consequently the effects of coupling of the body
dynamics with the unsteady wake processes were involved.

An attempt to clarify some of the remaining uncertainties
in the aerodynamics of spheres and disks, particularly the
unsteady features, was recently undertaken.4 The research
program, which was entirely experimental because of the
extreme mathematical complexity of the problem, was pri-
marily intended to be an exploration, at low Re, of the re-
lationship between wake unsteadiness and the fluctuating
transverse forces and moments acting on the sphere or disk.
The experiment achieved only limited success, as it was dis-
covered that the sting-type model support, an indispensable
part of the test apparatus, tended to stabilize' the wake and to
interfere with the unsteady vorticity-shedding process at low
Re. Nevertheless, it is felt that the longitudinal force (drag)
measurements were essentially correct, and it is with the
sphere and disk drag data alone that this paper is concerned.

Experimental Equipment

A detailed description of the experiment and equipment
can be found elsewhere.4 The setup, sketched in Fig. 1, con-
sisted of a 0.61- X 0.61- X 9.75-m plywood and fiber glass
towing channel, above which was suspended a linear air bear-
ing track system. Air bearings were selected over conven-
tional rail-type tracks because they offered a potentially
shock- and vibration-free linear motion; prior experience with
wheel-on-rail systems had shown the great difficulty involved
in trying to obtain a satisfactorily low vibration level with
track systems. The 9.75-m-long air bearing system employed
in these tests consisted of a V groove bearing (made by joining
three commercially available bearing units end to end) for
tracking and a parallel flat-surface bearing (built in-house from
a 5.08 cm square aluminum tube, 0.318-cm wall) for stability.
Adjacent to the track system was a loop of cable that could be
driven at various speeds, forward and reverse, by a control-
lable electric motor drive unit. Attached to the cable was a
carriage from which the strain-gage-instrumented test model
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(7.62-cm diam sphere or disk) was suspended, and on which
was mounted a package of solid-state amplifiers for amplifying
and modifying the strain gage signals. Figure 2 shows details
of the track and carriage arrangements.

1Do facilitate the study of a wide range of Re, glycerine-
water mixtures were employed as the working fluid. A
section of the towing channel was equipped with lights and
electrodes for hydrogen bubble flow visualization in the chan-
nel fluid.5 Flow visualization was used to permit study of the
relationship between wake fluctuations and the variations of
forces on the test model.

Constant-speed runs were accomplished by starting the
drive system, rapidly accelerating it to run speed, holding
run speed for the test, and then decelerating quickly to a stop.
For studies of accelerated motion, the carriage was detached
from the drive system and connected to a long spring, which
was stretched out parallel to the track to provide the accelerat-
ing force.

An overhead instrumentation cable connected the strain
gage amplifiers to the external electronic gear. Analog
feedback amplifiers were used to form appropriate combina-
tions of data signals when this was necessary, e.g., to com-
pensate for strain gage balance interactions. Finally, the
output signals were recorded on a strip chart recorder for
later analysis.

Results

Sphere at Constant Velocity

Steady sphere drag was measured through most of the
range 5 < Re < 100,000. These data, in coefficient form, are

given in Table 1 and are also plotted in Fig. 3, where they are
superimposed on a band representing the variation shown by
existing, reliable sphere drag coefficient data.6^13 The gen-
eral over-all agreement serves both to further verify the exist-
ing data and to indicate the accuracy of the experiment.

The greatest scatter in the present data occurs at high
subcritical Re (5500-100,000), where it also appears that the
CD values are somewhat higher over-all than the existing data
level. The probable explanation of this feature is that almost
all of the present data in this Re range were obtained in what
amounted to a shakedown test of the experimental apparatus.
Considerable mechanical vibration existed in the carriage
and drive system at that time, resulting in drag force records
that were difficult to evaluate with accuracy, particularly at
low drag force levels (i.e., at the lower values of Re within

Re

Table 1 Sphere drag coefficient data

Cn Re CD xt6

Fig. 2 Photograph of carriage and model assembly on air
bearings.

5.33
5.99
11.0
13.1
13.2
13.9
14.6
16.2
21.1
23.4
29.1 .
45.0
50.6
54.4
68.9
68.9
78.2
88.1
93.8
101
104
108
109
124
130
138
163
168
170
186
186
189
190
191
193
229
229
240
258
280
284

7.06
6.41
4.01
3.76
3.66
3.59
3.41
3.29
2.82
2.48
2.28
1.79
1.58
1.52
1.35
1.33
1.27
1.12
1.03
1.08
1.05
1.02
1.03
0.994
0.927
0.907
0.879
0.799
0.819
0.799
0.841
0.778
0.751
0.799
0.732
0.711
0.710
0.700
0.721
0.674
0.646

286
311
312
318
358
361
364
379
409
444
468
472
480
500
522
532
532
557
579
588
603
644
713
727
833
932
984
985
985
1000
1000
1070
1330
1650
1690
1950
2000
5570
5990
6210
6250

0.675
0.592
0.607
0.656
0.627
0.600
0.632
0.595
0.579
0.585
0.578
0.566
0.572
0.547
0.544
0.543
0.556
0.552
0.523
0.520
0.531
0.525
0.505
0.480
0.485
0.472
0.466
0.477
0.485
0.472
0.483
0.452
0.436
0.440
0.435
0.427
0.430
0.460
0.430
0.390
0.451

6900
7280
7520
8230
8580
8700
9620
13300
13400
13900
14700
16800
18000
18700
19500
21200
23100
23600
23700
24100
24200
25000
28000
31900
32400
33800
35400
35500
38200
41800
45900
46800
52400
53500
57500
57700
71900
89000
100000
118300

0.460
0.430
0.435
0.429
0.390
0.490
0.490
0.460
0.480
0.400
0.460
0.452
0.510
0.523
0.500
0.509
0.511
0.529
0.455
0.524
0.520
0.519
0.495
0.500
0.479
0.457
0.482
0.504
0.513
0.485
0.467
0.468
0.503
0.497
0.480
0.492
0.451
0.502
0.467
0.476
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this range). The experience gained in this early testing
led to significant refinement of the experimental equipment.

Some scatter also exists in the rest of the data, although no
consistent deviation from the previously existing data is
evident here. A noteworthy feature of these data is the re-
duced scatter of points for 400 < Re < 2000. Data in this
range were obtained with an improved strain gage balance
designed especially for the sphere model, whereas the rest of
the data in Fig. 3 came from tests with the sphere mounted
on the original (sphere and disk) balance.

It is interesting to observe that the sphere Cn-Re data give
no indication of the Re at which wake unsteadiness com-
mences, i.e., the data do not show any "jump" or "bend" to
mark the onset of wake fluctuations. Actually, the minimum
Re for unsteadiness in these tests (with the sting-mounted
sphere) was approximately 290; flow visualization tests of the
sphere with no sting (accomplished by weighting the sphere
and suspending it on two fine threads) showed Rem-m « 215.
Obviously, the sting support had a significant stabilizing
effect on the sphere wake. However, this does not affect the
agreement of the present CD data with those of other workers.

An attempt was made to study the unsteady component
of sphere drag during constant velocity motion. In all cases
of steady motion, the drag fluctuation was no more than
about 5% of the average drag, regardless of whether or not
vortex shedding occurred. This, of course, does not include
the early stages of accelerated motion (with consequent wake
buildup), where large drag fluctuations sometimes existed.
The magnitude of the first two or three fluctuations in drag
depended greatly on the acceleration imparted to the sphere
at the start of a run. In general, more impulsive starts pro-
duced greater fluctuations.

Once the sphere wake had built up to its quasi-steady con-
figuration (usually after two or three cycles of vortex shed-
ding), the drag unsteadiness remained slight and did not dem-
onstrate a clear relationship to the vortex shedding process.
Figure 4 is a copy of the strip chart record of drag (D) and
side force (S) from a typical test run at Re = 5324 Despite
the large fluctuations in S, which flow visualization has shown
to correspond to vigorous unsteadiness in the sphere wake,
very little related unsteadiness appears in D. In fact, the

variation in D is small enough that it may have been due
entirely to mechanical unsteadiness in the experimental
apparatus. Other run records have been obtained which
display even less D fluctuation (at similar Re) than appears in
Fig. 4.

A noteworthy feature of the run data in Fig. 4 is the gross
difference in the nature of the development of unsteadiness in
D and S. The drag force had built up to its maximum value
and passed through three cycles of oscillation before S had
developed its first (and largest) significant peak. This fea-
ture, a characteristic of all data records in which D was com-
bined with either S or L (lift), indicates that the first few
cycles of vorticity shedding in the sphere wake must be axially
symmetrical and are apparently unrelated to the lateral wake
oscillations which develop later in the process of vortex loop
shedding.

Sphere in Accelerated Motion

Several test runs were made in which an accelerometer was
mounted on the carriage to permit the study of sphere drag
during accelerated motion. A data record from one such
test run is given in Fig. 5.

The run which produced the data of Fig. 5 was made in
water so that high Re was reached: the maximum value of
Re, corresponding to the instant when the acceleration (a)
passed through zero, was 66,000. Instantaneous sphere
velocity was evaluated at several times (t) by graphical
integration of the a record. Values of Re were computed
from these velocities and used to obtain appropriate CD values
from Fig. 3, these in turn being used to calculate the D values
making up the dashed curve (labeled "D calculated from steady
CV')inFig.5.

Also shown in Fig. 5 is a dotted curve representing D cal-
culated according to the theory proposed by Odar.14'15 In
that theory, the expression for D of a sphere accelerating along
a rectilinear path consists of three terms, one of which is just
the drag as calculated above, i.e., based on steady state CD.
The other two terms are proportional to a and to a "time-
history" function of a, respectively, each of these terms con-
taining a coefficient dependent upon the acceleration modulus

0.03

0.02
D,S(kg)

0.01

8 10 12 14
t (sec)

Fig. 4 Reproduction of typical sphere drag data record
from run at Re = 532.

J High-frequency oscillations, which were definitely attributable
to vibrations of the carriage, drive, and model mounting, have
been filtered out of these data.

i/sec2)

-0.3

Fig. 5 Data record of sphere drag during acceleration
from rest.
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(= U2/ad). Odar14'15 found these coefficients to be indepen-
dent of Re for Re < 200, and suggested that this might also
be so for higher values of Re.

Inspection of the curves in Fig. 5 reveals that the measured
D is reasonably well approximated by the steady-state D
curve, except during the initial 0.30 sec and at times when the
measured D was fluctuating. The curve representing the
Odar theory, on the other hand, does not agree well with the
measured D except when the acceleration-dependent terms
are small, i.e., when t > 1.5 sec.

The most interesting portion of Fig. 5 is the startup (0 <
t < 0.30 sec), where a nonzero flat spot occurs in the measured
D. The constant value of D existing during this initial por-
tion of the run, where a is also essentially constant, is within
3% of the D value computed according to the apparent mass
concept of potential flow theory.16 Nearly identical results
were obtained from several other test runs in which amax
varied from 0.92 to 1.95 m/sec2; calculations of sphere dis-
placement revealed that the sphere traveled a distance ap-
proximately equivalent to one sphere diameter before the
region of separated flow had grown large enough to destroy
the potential flow pressure distribution about the sphere.

An important comparison can be drawn between the above
result and theoretical calculations of the flow about an ac-
celerated sphere. Although no such calculations have been
made for the case of constant acceleration, Boltze17 studied
the flow past an impulsively started sphere. Using a bound-
ary-layer type of analysis based on successive approxima-
tions to the velocity field about the sphere, a power series in
t being assumed for the velocity components, he determined
that flow separation would commence at the rear stagnation
point on an impulsively started sphere after the sphere had
traveled 0.196 of a diameter (d). An estimate of the onset
of flow separation for a sphere subject to constant accelera-
tion can be made by considering the corresponding results
for a circular cylinder: calculations18 (employing analytical
techniques comparable to Boltze's) show that separation on a
cylinder occurs after a travel of 0.26<i for constant accelera-
tion (of any magnitude) from rest compared to 0.16d for an
impulsive start. If it is assumed (as a rough guess) that the
result for constant acceleration of a sphere bears the same
relationship to the impulsive-start result as exists in the case
of the cylinder, Boltze's result scales up to 0.32d for the distance
covered by a constantly accelerating sphere before separation
appears. Since the experiment showed that a sphere travels
about l.Od before the apparent mass concept becomes in-
valid, it is evident that considerable growth of the separation
bubble must occur before the pressure distribution about the
sphere becomes significantly different from the potential flow
pressure distribution.

Rimon and Cheng19 have recently published some numerical
results concerning an impulsively started sphere. They
report that the sphere moves through a distance of 0.32d
before separation appears at the rear stagnation point; further,
one can discern from their computer-generated streamline
pictures that, although the separation bubble rapidly spreads

over the rear of the sphere, it does not lengthen appreciably
(and thereby distort the outer-flow streamlines) until the
sphere has moved on the order of l.Qd. Although the coin-
cidence of these numbers with those noted previously is ac-
cidental^ the indication is clear that separation first occurs
well before the outer flow shows significant alteration.

Acceleration tests similar to those described previously
were attempted in a glycerine-water mixture which reduced
the maximum value of Re to about 300, but the low values
of Re existing during the early stages of these tests runs meant
that the vorticity about the sphere diffused so rapidly that no
period of potential flow with constant drag force could be
observed. Also, incorrect drag compensation^ precluded the
type of quantitative drag comparison shown in Fig. 5.

The other times at which the measured and calculated D
values in Fig. 5 differ significantly are undoubtedly related to
the shedding of vortices in the sphere wake.** This would
correspond to the measurements by Schmidt20 of the velocity
of a sphere dropped from rest in a vertical column of fluid.
He found that fluctuations in sphere velocity during accelera-
tion coincided with the shedding of vortex loops.

A similar phenomenon occurred during startup of most of
the normal sphere drag test runs: the drag force measured
during a rapidly started drag test would exceed, or "over-
shoot," the steady value. Some drag overshoot is evident
in the low Re drag record of Fig. 4, but the effect was much
more pronounced in high Re runs, where the overshoot was as
much as 30% above the steady drag. Of course, the mag-
nitude of the overshoot also depended on the acceleration of
the sphere.

Corresponding phenomena for impulsively started circular
cylinders and normal flat plates were recently studied by
Sarpkaya.21 The employment of flow visualization enabled
him to relate the drag overshoot to the growth and shedding
of the initial vortices.

What evidently happens is that, when the sphere is put into
motion very rapidly at high Re, vorticity is slow to diffuse
and therefore accumulates rapidly in the growing separation
bubble behind the sphere. Although this bubble of trapped
vorticity soon reaches unstable proportions, the growth of
the bubble is so rapid that the bubble becomes much larger
than its quasi-steady-state size before instability succeeds

§ Note that, in fact, the distance-traveled-before-separation
number indicated by the work of Rimon and Cheng for an im-
pulsively started sphere agrees better with the present authors'
approximate number for the constant acceleration case than it
does with Boltze's corresponding number for the impulsive start
case!

If Drag compensation refers to the use of feedback amplifiers to
subtract the force resulting from sphere inertia (proportional to
the accelerometer output) from the drag transducer signal to
yield aerodynamic drag.

** The flow visualization equipment was not available for these
acceleration tests, so positive affirmation of this point was not
possible.
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in causing a vortex loop to be cast into the wake. During
this period, the pressure drag on the sphere rises above its
steady-state value both because the surface area covered by
the separation bubble is temporarily greater than it ulti-
mately becomes and because the enlarged wake bubble dis-
torts the outer flow, reducing the base pressure below its
eventual steady value.

Although sphere deceleration (a < 0) was not studied speci-
fically, some observations were made and a few pertinent com-
ments are in order. Lunnon,22 in writing about an extensive
study of accelerating free-fall spheres (a > 0) which he con-
ducted several years ago, suggested that CD with acceleration
should be greater than the steady-state value regardless of the
sign of a. This cannot be correct. Consider, for example,
a sphere moving through a still fluid at constant velocity and
with a fully developed wake. The fluid entrained in the wake
moves, relative to the undisturbed fluid, in the direction of
of sphere motion, but with a lower velocity. If the sphere
is brought rapidly to rest, corresponding to large, negative
acceleration, the momentum of the fluid in the wake will cause
it to wash over the rear surface of the sphere, exerting a force
on the sphere in the upstream direction (i.e*, a negative drag
force—such a force was often observed in these tests when the
sphere was stopped at the conclusion of a run). Relating the
previous argument to the case of a sphere entrained in a fluid
stream, it is clear that for large decelerations CD can be sig-
nificantly lower than the steady-state CD owing to the sphere
being accelerated into its own wake.

Disk at Constant Velocity

Coefficients of steady drag for a circular disk were measured
through most of the range 5 < Re < 70,000. The results of
these measurements are presented in CD vs Re form in Table 2
and in Fig, 6, where they are compared with all available
experimental10-13'23'24 and theoretical25'26 disk CD data. The
most obvious feature of Fig. 6 is the disagreement between
the new data and existing experimental data for 100 < Re <
1000. This lack of agreement stems in part from the fact
that much of the previous experimental data in this Re range
were obtained with falling disks that were free to oscillate
in pitch, whereas the disk used in the tests reported here was
rigidly constrained to one-dimensional motion. The close
agreement between the free-fall data of Schmiedel10 and the
wind-tunnel data of Simmons and Dewey,24 which for a long
time led to the belief27 that the disk CD curve had a "bump"
in it in this Re range, is believed to be fortuitous. Regarding
the wind tunnel disk data of Simmons and Dewey,24 it should
be mentioned that they were rather skeptical of tKeir low Re
data, stating that "it is doubtful whether the observed drag
was accurate to within twenty percent" at the lowest Re
(= 282) of their tests.

The cause of the increase in apparent CD as a result of
pitching oscillation of a disk is not clearly understood. A
possible explanation rests in the fact that disks free to oscillate
in pitch usually undergo lateral translational oscillations as
well.23 When this occurs, the apparent speed of the disk
along its mean (i.e., straight-line) path is lower than the true
speed of the disk along its actual trajectory, and consequently
a value of CD based on the apparent speed will be greater
than the true average CD. Since the normal force coefficient
for a disk might reasonably be expected to be independent of
angle of attack (a) for a > 35°-40°, as Hoerner27 shows it to
be at higher Re, the true average CD for moderate-amplitude
oscillations f t ought not to be much smaller than CD for a non-
oscillating disk at the same Re. If this is so, and if the actual
disk trajectory is noticeably longer than the corresponding
vertical distance of fall, then a CD determination based upon
apparent (vertical) speed could very easily yield inflated CD
values. (In this connection, it_ should be noted that most

Table 2 Disk drag coefficient data

Re CD Re CD Re

5.06
5.76
7.23
9.48
11.7
12.0
13.3
15.0
16.1
18.0
19.3
20.9
22.3
24.2
24.2
24.5
25.5
32.5
35.6
36.2
43.9
46.7
54.2
64.0
68.0
71.4
72.2
79.0
79.1
87.1
91.8
97.3
107
108
108
117
117
117
117
117
121
122
123
131

6.22
5.44
4.80
4.27
3.68
3.45
3.24
3.16
2.99
2.88
2.59
2.69
2.48
2.45
2.35
2.33
2.47
2.00
2.05
1.97
1.66
1.78
1.68
1.53
1.53
1.47
1.44
1.44
1.38
1.38
1.36
1.30
1.27
1.24
1.28
1.23
1.21
1.20
1.25
1.23
1.15
1.25
1.21
1.23

131
131
132
136
138
142
142
142
148
156
158
169
173
174
178
186
191
199
205
209
229
231
255
256
270
270
279
290
309
309
312
314
325
353
358
374
383
384
409
420
436
481
494
517

1.18
1.14
1.17
1.14
1.21
1.15
1.09
1.16
1.09
1.07
1.08
1.07
1.02
1.02
1.08
1.01
1.09
1.01
1.06
1.07
1.08
1.06
1.06
1.13
1.04
1.02
1.04
1.09
1.02
1.01
1.01
1.02
1.03
1.00
1.04
1.02
1.00
0.994
1.07
1.12
1.00
1.02
1.08
1.01

530
530
535
555
572
586
590
594
645
673
697
707
711
722
722
745
746
771
800
803
808
1020
1030
1130
1140
1180
1180
1320
1540
1660
2250
9020
12000
12700
13000
15300
16000
22400
28800
38200
38700
50100
60400

1.14
1.08
1.03
1.17
1.14
1.02
1.02
1.03
1.06
1.06
1.04
1.18
1.11
1.15
1.04
1.08
1.14
1.12
1.12
1.14
1.09
1.10
1.07
1.11
1.11
1.07
1.08
1.11
1.08
1.09
1.18
1.20
1.24
1.28
1.28
1.24
1.19
1.27
1.27
1.24
1.15
1.16
1.17

f t Note that a will oscillate about a 90° mean value.

free-fall test data, including specifically those of Schmiedel,10

were analyzed in terms of an average vertical speed.) A crude
kinematic analysis of the motion of a falling disk appears to
bear out the preceding argument, but is too rough and too
lengthy to warrant inclusion here.

It is interesting to compare the present experimental drag
data with the numerical results of Michael25 and Rimon.26

The Rimon data (at Re values of 10, 100, 300, and 600) show
CD decreasing monotonically with increasing Re (i.e., a
"bump" is not indicated), but do not fit the experimental
curve. It appears that reducing all Rimon's Re values by
one-half would put his calculated drag coefficients right on the
experimental data, but whether or not the Re values are
responsible for the discrepancy is unknown. Michael's com-
puted results, on the other hand, agree well with the experi-
mental data, appearing to be just a bit low. However, neither
numerical computation seems to be fully correct. This can
be seen in the streamline patterns produced by the computer
calculations. As has been noted before,4-26 the Michael
calculation errs in predicting that separation occurs first at the
rear stagnation point rather than at the disk edge. Rimon's
calculation is satisfactory on this score, but it produces
separation bubbles that are (at a given Re) too short. This
is evident when one compares his result for Re = 100 with the
flow photograph presented by Willmarth et al.23 at approxi-
mately the same Re.
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A further interesting feature of the data in Fig. 6 is the rather
abrupt flattening out of the CD-Re curve as Re is increased
into the range where wake unsteadiness occurs. (Mini-
mum Re for disk wake unsteadiness in these tests was about
160; the discrepancy between this value and the value Rem-m «
100 noted by others23'24 is attributed to sting influence.)
This "bend" in the disk drag curve contrasts with the sphere
drag results noted previously. Although a full explanation
of this feature of the disk CD data is lacking, the difference
between the sphere and disk CD curves is understandable in
light of some flow visualization results. Observations of
sphere and disk wakes at Re slightly above the minimum Re
for unsteadiness revealed that the fluctuations in the sphere
wake appeared first at the "tail" of the separation bubble,
involving more of the bubble at higher Re. On the other
hand, the fluctuations in the disk wake always involved fluid
in the vicinity of the disk. From these results, it is not diffi-
cult to argue that the onset of wake unsteadiness has a greater
effect on CD for the disk.

The primary factor in the general scatter of the data is the
rather poor repeatability of the disk drag transducer; this
was pointed out previously in the discussion of sphere drag
results.

As was the case with the sphere, the disk drag results for
9000 < Re < 70,000 were obtained early in the course of the
research. Considerable mechanical vibration existed in the
experimental apparatus at the time, and this showed up in
the drag records from these early tests. The resultant un-
certainty in the determination of D is probably responsible
for the apparently high values of CD.

As in the sphere tests, drag fluctuations were not significant
in the disk drag tests. Except for the large fluctuations dur-
ing the wake development period, very little fluctuation
existed in D even when vortex loop shedding occurred. Anal-
ysis of many disk drag data records showed that, during the
steady-state portion of a test run, the drag fluctuations never
exceeded 3% of D.

Wall Interference Effects

Although wall effects were not investigated during the
course of the experiments reported here, and the data herein
were not corrected for wall interference, several efforts re-
ported in the literature have focused on the problem. For
example, Fidleris and Whitmore28 performed an extensive,
careful study of wall effects on the drag of falling spheres;
their results show that, for the blockage ratio of the present
experiments (sphere- or disk-to-channel cross-section ratio =
0.012), wall interference produces a drag increase ranging
from close to 10% at Re = 10 to less than 2!% for Re ̂  100.
Of course, these figures serve only to provide an estimate of
the magnitude of the wall effect, because of the geometry
difference (square channel cross-section as opposed to circular
cylinders used by Fidleris and Whitmore) and the existence
of a streamwise free surface in the tests reported here.It Re-
garding the unsteady features of the sphere flow field, Moller2^
determined that increasing the proximity of bounding walls
stabilized the sphere wake, i.e., increased the Re corresponding
to a particular wake configuration, but otherwise did not
substantially alter the dynamic processes of the flow. Finally,
a theory developed by Maskell30 is applicable to the problem
of wall influence on.the drag of a disk. His work shows that,
for Re > 100, the presence of confining walls raises the disk
drag by less than 5% (for the blockage ratio of the present
tests). Again, this number cannot be applied directly to the
results reported here because of the free surface on the towing
channel.

|t Incidentally, the observation was made that free surface
distortion did not contribute significantly to the drag values
measured during the experiments reported herein.

Conclusions

Though many questions regarding bluff-body flows remain
to be answered, the series of sphere and disk flow studies
reported here has produced new information to assist in the
understanding of these unsteady flows. Specific conclusions
resulting from this work are 1) sphere drag measurements in
the range 5 < Re < 100,000 agreed closely with previously
existing data; 2) results for the drag on a circular disk re-
produced existing data except for 100 < Re < 1000: in this
range the measured CD for the nonoscillating disk was as
much as 50% smaller than that indicated by existing data;
3) the drag on a sphere or disk moving rectilinearly at con-
stant speed is not significantly affected by vortex shedding
in the wake; maximum drag unsteadiness was less than 5%
of the total drag on the sphere and less than 3% of the total
disk drag; 4) drag on a sphere accelerated from rest to a
constant velocity exceeds the steady-state drag by as much
as 30% at high Re, until the final quasi-steady wake con-
figuration becomes established; 5) the potential flow apparent
mass concept is valid for the first diameter of motion of a
sphere undergoing constant acceleration such that Re «
30,000 when the sphere has moved one diameter; beyond this
point, the drag is reasonably well approximated by the steady-
state drag corresponding to the instantaneous sphere velocity.
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Method-of-Characteristics Solution of Rarefied,
Monatomic Gaseous Jet Expansion into a Vacuum

S. J. ROBERTSON*
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AND
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An analytical investigation was made of rarefied gas flow in an axisymmetric jet exhausting
into a vacuum. A set of partial differential equations was derived for a single-component,
moil atomic gas by taking moments of the Boltzmann equation with the BGK approximation
of the collision integral. The truncation of the moment equations was based on the hyper-
sonic approximation. The resulting partial differential equations were solved numerically
by the method of characteristics. The accuracy of the analytical technique was verified
by making calculations for a spherical source flow expansion and comparing the results with
those obtained by a previous investigation. The technique was then applied to the calcula-
tion of uniform parallel flow from a Mach 3.0 nozzle exhausting into a vacuum with throat
Reynolds numbers of 25 and 100. Noncontinuum effects were found to have little influence on
the density and velocity fields for nozzles of throat Reynolds numbers down to at least 25.
The temperatures were found to behave in much the same fashion as previously predicted
for spherical source flow; i.e., the parallel temperature component approaches a finite "freez-
ing" temperature, and the two perpendicular components continue toward zero.

Nomenclature
A = constant in Eq. (2)
b = distance normal to streamline and axial plane (binormal)
/ = distribution function
F = equilibrium distribution function
m = molecular mass
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M — Mach number
n = distance normal to streamline in axial plane, also num-

ber density
p = pressure = (ps + Pn + P&)/3; with s,n,b or t subscript,

component of pressure or shear stress as indicated by
subscript

Q = factor in moment of Boltzmann equation
r = radial distance from nozzle axis, also distance from

point source
r* = sonic radius
R = nozzle exit radius
Rg = gas constant
Re* = throat Reynolds number
s = distance along streamline


